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Abstract 

The presented paper is devoted to study the curvature and torsion 
of slant Frenet curves in 3-dimensional normal almost paracontact met- 
ric manifolds. Moreover, in this class of manifolds, properties of non- 
Frenet slant curves (with null tangents or null normals) are obtained. 
The achieved results are illustrated by examples. 

1 Preliminaries 

Let M be a (2n-|-l)-dimensional difFerentiable manifold. Let (phe a, (1, l)-tensor 
filed, ^ a vector filed and t] a 1-form on M. Then (v'jCi'?) is called an almost 
paracontac structure on M if 

(i) 77(0 = 1, =Id-r7®0 

(ii) the tensor filed (p induces an almost paracomplex structure on the distri- 
bution D = kerr], that is, the eigendistributions D~^, 2)~ corresponding 
to the eigenvalues 1, — 1 of (/s, respectively, have equal dimension n. 

M is said to be almost paracontact manifold if it is endovi^ed with an almost 
paracontact structure (cf. [2[ ITOl [T4[ [T6] ) . 

Let M be an almost paracontact manifold. M will be called an almost para- 
contact metric manifold if it is additionally endowed with a pseudo-Riemannian 
metric g of signature [n + l,n) and such that 

g{pX,pY)= -g{X,Y) + rj{X)fj{Y). 

For such a manifold, we additionally have ri{X) — g{X,S^), 77(0 — ^, 'pS, — 0, 
r] o (p — 0. Moreover, we can define a skew-symmetric 2-form <P by 'P{X, Y) = 
g{X, ipY), which is called the fundamental form corresponding to the structure. 
Note that 77 A $ is up to a constant factor the Riemannian volume element of 
M. 

On an almost paracontact manifold, one defines the (2, l)-tensor filed 7V*^^) 

by 

7V(i) {X, Y) = [ip, ^] {X, Y) - 2 dv{X, Y)t 
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where ip] is the Nijenhuis torsion of tp given by 

[if, ifiKX, Y) = p^[X, Y] + [ipX, ^Y] - p[ipX, Y] - p[X, ipY]. 

If iV'^) vanishes identically, then the almost paracontact manifold (structure) is 
said to be normal (cf. [M] and recent papers [2l[T6]). The normality condition 
says that the almost paracomplex structure J defined on M x R by 

is integrable (paracomplex). 

Since that time, we will consider manifolds of dimension 3. The following 
theorem presents conditions equivalent to the normality of 3 dimensional almost 
paracontact manifold, which we will use later in the work. 

Theorem 1.1 [15j For a 3-dimensional almost paracontact metric manifold M , 
the following three conditions are mutually equivalent 

(a) M is normal, 

(b) there exist functions a, (3 on M such that 

{Vxp)Y = /3(.g(X, r)e - viY)X) + a{g{pX, Y)^ - v{Y)pX), (1.1) 

(c) there exist functions a,/3 on M such that 

Vx^^a{X -7^{X)^)+I3^X. (1.2) 

Corollary 1.2 |15| The functions a,/3 realizing as well as are given 

by 

2a = Trace {X -> Vx^}, 2^ = Trace {X^ P^xO- (1-3) 
A 3-dimensional normal almost paracontact metric manifold is said to be 

• paracosymplectic manifold if a = /3 = 0, [5] 

• quasi-para-Sasakian if and only if a = and /? 7^ 0, [TOl US] 

• /3-para-Sasakian if and only if a = and /3 7^ and (3 is constant, in 
particular, para-Sasakian if /3 = — 1 ( [ISl fTB] ) 

• a-para-Kenmotsu if a 7^ and a is constant and (3 ~ 0. 

At the end of this section, let 7: / — )• M, I being an interval, be a curve 
in M such that 3(7,7) = ±1 or 3(7,7) = and let denote the covariant 
differentiation along 7. 

We say that the curve 7 is a slant curve in 3-dimensional normal almost 
paracontact metric manifold, if 

ff(7j = ^(7) = c and c is constant. 
In the particular case, if c = the curve 7 is called Legendre curve |15) . 
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Remark 1.3 In normal almost contact metric manifold with Riemannian met- 
ric g, the value of g{'j,£,) satisfies —1 ^ 5(7,0 ^ 1j so that we can define the 
structural angel of j i.e the function 6* : / — > [0, 27r) given by 

cose{t)^g{j{t),0^v{^{t)). 

Then, the curve 7 is said to be a slant curve, ( or 9-slant curve), if 9 is a 
constant function, (see [3l[4l|5]j. 

Let 7 : / ^ Af be a slant curve in AI such that 3(7,7) — Si — ±1. Let us 
consider tree vector fields 7, ipj, ^ for which, we have 

5(7, 7) = £1, 5(7, = c, g{ipj, fj) = -£i+c^ g{s,, = i> 5(7, vi) gi^, vi) = 0. 

This vector field are linearly independent and form the base of TM if and 
only if £1 ~ c? 7^ 0. In this case, we define an orthonormal frame along 7 as 
follows: 

Fi - 7, ^2 - , F3 = , , (1-4) 

where g{Fi,Fi) = ei, 5(^2, F2) = sgn(-(ei - c^)) = v, 3(^3, i^g) = -Siv. 

The frame {Fi, i^2, ^3) will play an auxiliary role in the proofs of Theorems 
12.21 and 14.11 We additionally have 



Proposition 1.4 Let M be a 3-dimensional normal almost paracontact metric 
manifold. If j: I ^ M is a slant Frenet curve of osculating order 3 which is 
not an integral curve of ^, then 



V^Fi - vSy/\ei - c^\F2 - eiay/\si - c^jFa, (1.5) 
V^F2 = - eiS^lei - c^jFi + (ei/3 ~ vc6)F3, (1.6) 
V^Fa ^ -eiva^\ei - c2|Fi + (/3 - eivc6)F2, (1.7) 

where S is a function defined by S — —. — ^^-^^^-^^ , and for simplicity we write a, 

\ei - c^l 

P instead of the composed functions a o ^, 13 o ^ with a, 13 being the same as in 

03). 

Separately, we discuss the case when 7, ify, ^ are linearly dependent. Let us 
note that 7, (^7, ^ are linearly dependent if and only if 

7 = or j — c^± ipj. (1-8) 

Indeed, if 7, (/37,^ are linearly dependent then ei — 1 and c'^ — 1. Hence 
g{ip'j, ify) = and either 1^7 = or ipj is an isotropic vector field. 
If (fij = then = (/J^^y = 7 — 0^ and 7 = c^. 

If 937 is an isotropic vector field then, we can write 7 = 0^ + bifj, for some 
functions a and b. Using 5(7, 7) = 1 and (7(7, ^) = c, we find 'j — c^ + bipj. Now 

<P7 = bip'^'j ~ b{j — cO = &(c^ + &'y37 — cO = 6^957. 
Hence 6^ = 1 and 7 = ± 937. 
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2 Prenet slant curves 



Let M be a 3-dimensional pseudo-Riemannian manifold with metric g. 
Let 7 : I ^ M , I being an interval, be a curve in M . 

We say that 7 is a Frenet curve if 9(7,7) = ei, £1 — ±1 and one of the 
following three cases hold 

(a) 7 is of osculating order 1, i.e., V^7 = (geodesies); 

(b) 7 is of osculating order 2, i.e., there exist two orthonormal vector fields 
Ei{~ 7), i?2, {g{E2,E2) = £2 = ±1) and a positive function k (the curvature) 
along 7 such that 

S/jEi^Ke2E2, \/^E2 ^ -KEiEi; 

(c) 7 is of osculating order 3, i.e., there exist three orthonormal vector fields 
Ei{^ 7), E2, E3, {g{E2,E2) = £2 = ±1, giEs^Es) = £3 = ±1) and two positive 
functions n (the curvature) and r (the torsion) along 7 such that 

V^E'i = K£2i^2, V^i;2 = - KEiEi + TEaEs, V^E's = - r£2£'2. 

Proposition 2.1 Let M be a 3-dimensional normal almost paracontact metric 
manifold. If"/: I M is a slant Frenet curve in M , such that g{'y,'y) — 1 and 
gij,^) — c~ ±1 then "f is a geodesies. 



Proof In view of ()1.8p . we consider two opportunities. 

If 7 = then from ()1.2p V.^7 = V^^ = and 7 is a geodesies. 
If 7 = ± (y97 using (|1.2p and , we get 

V^7 = cV^^ ± V^.^7 = cV^C ± (Vt.<^)7 ± .^Vt-t- 
= (a T /3)(c7 - C T c(/?7) ± V^V^-t- = ± ipV^^^. 

Then gC^^j, V^7) = ± g(V^7, (pW^j) = and 7 is a Frenet curve so that 7 is 
a geodesies. □ 



Theorem 12.21 generalizes results obtained for the Legendre curve in [15] . 

Theorem 2.2 Let M be a 3-dimensional normal almost paracontact metric 
manifold. If"f:I^Misa slant Frenet curve of osculating order 3 in M , then 
its curvature and torsion are given by 



K ^ ^\£i - c^\\a^ ~ eiS^l, (2.1) 
sgn{l - e,c^)P + c5 + f ~ ^ . (2.2) 

where 5 is a function defined by 5 — — — ^^^^ , and for simplicity we write a, 

|£l-c2| 

P instead of the composed functions 007, /3 o 7 with a, (3 being the same as in 



4 



Proof Let 7 be a slant Frenet curve of osculating order 3 in M. From Propo- 
sition lOl we know, that for such a curve £1 — ^0 and so that we can use the 
frame (Fi, F2, ^3) from (11.41) to calculate the curvature function and the torsion 
function of a curve 7. 

We obtain the curvature function using (|1.5p and calculating the length of 
Vt,7. We get 

K^£2 = — £iw|£i — C^|(a^ — £1^^) 

SO that the curvature is given by (|2.1I) and £2 = sgn{—£iv{a'^ — £i(5^)) = ±1. 
Using ([13]), dHH) and dUT]), we find 

tj2 — V^-C/i — 



£2H ' ^\a^-ei6^\ 



Let us denote p = \J\oP- — £i5^| and calculate 

^^E2 = £2W7(^)F2+£2u(^)v^i^2 (2.3) 



£\e2i{^Fj. - £l£2(^)v^i^3 

'5^ 



-e\KE\^ {^iv^^^-^ - £2^(^£iu/3 - C(5^^F2 
f (-eie27(^) +£2^(£iw^-c(5))i^3 



ab — ab \ vaFi — SF3 
o? — £\i 

Hence from p.3p . in view of Frenet equations, we have 



V - £id^/ ^ q;2 _ £^^2 



(5 — d(5 \ 2 



— £1(^2 

/ /-, 2\n r - \ 2 
= -£i£2 - £ic )/3 + c() + ^ —] . 

This gives (1^ and £3 -£i£2- □ 

Below, we present the functions of curvature and torsion of a slant Frenet 
curves of osculating order 3 in some subclasses of 3-dimensional normal almost 
paracontact metric manifold. 

Corollary 2.3 Let M he a 3-dimensional manifold, 7 : I AI be a slant Frenet 
curve of osculating order 3 in M . 

If M is a paracosymplectic manifold then the curvature and torsion of 7 are 
given by 



Vki-c2||<5|, T^\cS\. 
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If M is a quasi-para-Sasakian manifold then the curvature and torsion of 7 
are given by 



K = Vkl-C2||<5|, 



sgn(l — eic^)/3 + c5 



If M is a para-Sasakian manifold then the curvature and torsion of 7 are 
given by 



sgn(l — eic^ 



cd 



If M is an a-Kenmotsu manifold then the curvature and torsion of 7 are 
given by 



cS 



aS 



- £1(52 



Moreover 6 is a function defined by S — —. — '^'j^ , and for simplicity we write 

|£l-c2| 

a, P instead of the composed functions a o 7, /? o 7 with a, /3 being the same as 
in (UJi. 



3 Null slant Curves 

Next, we consider the case when 7 is a nuh curve, i.e has a nuU tangent ( 
3(7,7) = 0). 

We consider nuU curve 7 which is not a geodesic, then 5(V^7,V^7) ^ 0. 
We take a parametrization of 7 such that g(V-y7,V-y7) — 1 and define (see 

[niHiiniiii] ) 

r = 7, A^^V^T, T = ^^(V^A^, V^iV), W^-'^jN-rT, (3.1) 
where 

giT,W)=giN,N) = l and g{T,T) = giT, N) = g{W,W) = g{W, N) = 0. 

Then, we obtain the Cartan equations for null curve 7. 

V^T = V^W = tN. V^N ^ -tT - W. 

In [15] . we proved that every null Legendre curve in 3-diniensional normal 
almost paracontact metric manifold is a geodesic. 

In this section, we consider a slant non-geodesic null curve 7 : / — >■ M. 

Theorem 3.1 If j : I ^ M is a slant non-geodesic null curve in a 3-dimen- 
sional normal almost paracontact metric manifold then 

a^c^ 1 
r = (3.2) 

= Q!C7±-(y97, (3.3) 
c 

-a^c^ - 1 1 
W = 7^a(^7 + -e, (3.4) 
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where for simplicity we write a, /? instead of the composed functions a 07, /Soj 
with a, l3 being the same as in 111 .3]) . 



Proof First, we find a vector field N. Let ipj = pj + qN + rW for some 
functions p, q, r. We find 

r = ff(<^7, 7) = 0, g{ipj, (fj) ^c^ =q^, g{(fy, = pc+qac^ = c(p±ac^) = 0. 

Hence r = 0, q ~ ±c, p^ =F "c^ and ip'^ — ^ ac^j ± cN, which leads to p.3p . 
Now, applying (jl.ip and p.3p . we calculate 

V^iV = dc7 + acV^7± i((V^</?)7 + </?V^7) (3.5) 



/ 22 1 \ 1 

aca + a c =F/3H — 7^ ^• 

V c/ c 



Next, in view of definition r and IV in p.ip . we use p.Sp and get p.2p and 
(lOll. □ 



In the following corollary, we present the properties of slant null curves in 
some subclasses of 3-dimensional normal almost paracontact metric manifold. 

Corollary 3.2 Let M be a 3-dimensional manifold, ^: I M be a slant non- 
geodesic null curve in M . 

If M is a paracosymplectic manifold then for 7, we have 

2c"^ c 
// Ad is a quasi- para- S as akian manifold then for 7, we have 

2c^ c c 

// M is a para-Sasakian manifold then for 7, we have 

If M is an a-Kenmotsu manifold then for 7, we have 

"^c^ 1 • , 1 • T.. - 1 . . 1 

T = — , N = acj±--ipj, W = — 7=fq;(^7+— ^. 



4 Slant curves with null normal 

At last, we investigate curves with null normals (for such curves in Minkowski 
spaces , see among others [TJ [Hi [12] . We say 7 : / — > M is a curve with null 
normal if 

5(7,7) = £1 =±1, V^7 7^0, g(V^7,V^7) -0. 
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For such a curve, we define 



T = 7, V^T, W, 

where 

g{T,T) = ei, giN,W) = l, 

g{N, N) = g{W, W) = g{T, N) = g{T, W) = 0. ^^''^ 

The signature of metric g is (—,+,+) so that ei = 1. 

We obtain the following Cartan equations for null normal curve 7. (In 
Minkowski 3-space see |T2]) 

V^T = N, V-yN = kN, V^W = -T - kW. 

Theorem 4.1 If j : I ~^ M is a slant non-geodesic curve with null normal in 
a 3-dimensional normal almost paracontact metric manifold, for which 7^ 1 

then a = ± "^j^ ^ 0, and 
1 — 



N = - a{£,- cj±ipj), (4.2) 

K = -±/3 + ac, (4.3) 
a 

^ ^ 2a(i~-c^) ^^~'^^'^^^' ^^-^^ 

where for simplicity we write a, jS instead of the composed functions (307, /3 o 7 
with a, j3 being the same as in f^l.S^) . 

Proof For a slant curve with null normal for which 7^ 1, we can use an 
orthonormal frame along 7 as in (jl.4l) . We put 

iV = V.^7 = aF2 + foF3, (4.5) 

for some function a and b and calculate g{N, N) = — b^ = 0. Hence a = ±b. 
Moreover, using (|1.2p . we get 

b = g{N,F,) = - J_^ g{\/^^,j) (4.6) 
V|l - c^l 



a 



21 



Hence a^O and putting (|4^ to (|4?5|) . we obtain (|4?2l) . 

To find the curvature, we use (|1.2p . (14.21) , (|l.ip and calculate 

V-^A^ = — q;(^ — C7 ± (/37) 

- a(V^e - cV^7 ± (V^(^)7 ± f^^i) 
= (— d =F a/3 — a^c) (^ — cy ± (/jt") 



+ ac]N. 
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In view of Cartan frame of 7, we obtain (|4.3p . 

At least, we put W = dFi + eF2 + fF^ for some functions d, e, / and using 
we get (1131). □ 

As an immediate consequence of the above theorem, we obtain 

Theorem 4.2 Let j : I ^ M be a Legendre curve with null normal in a 3- di- 
mensional normal almost paracontact metric manifold M . Then a ~ ±g{N, ipj), 
a ^ and we respectively have 

r = 7, 7V = -a(C±(^7), W^^i^Tvi) and = (^^ ± , 

where for simplicity we write a, /3 instead of the composed functions a 07, /307 
with a, P being the same as in \1.3\) . 



Corollary 4.3 Let ^ : I ^ M be a slant curve with null normal in a 3- 
dimensional a-Kenmotsu manifold M , for which (? 7^ 1. Then a = ±g{N, (p^) S 
R and 



K = q;c, TV — —a(^ — cj zL tpj), W — - — 7tt{£ — 07 =F y^j)- 



-1 

2a(l~c2)' 



In the particular case when ^ is a Legendre curve, we have 

la 

where for simplicity we write a, /3 instead of the composed functions a o 7, /3 o 7 
with a, j3 being the same as in \1.3\l . 



5 Examples illustrating theorems 

Legendre curves with null normal that will appear in examples are from my 
previous paper |15) . 

Example 1 Let be the Cartesian space and {x,y, z) be the Cartesian coor- 
dinates in it. Define the standard almost paracontact structure {ip,£,,r]) on R'^ 

by 

ipdi =82- 2x93, = di, ipds = 0, ^ = 93, 77 = 2xdy + dz, (5.1) 

d d d 

where di = — — , 92 = 7^ and 93 = —. By certain direct calculations, one 
ax oy az 

verifies that 

[ip,v]{d,,dj) ~ 2d7j{d,,d,)c = 0, i^i<j^3, 

so that IH) is satisfied and the structure is normal. 
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Suppose that M = x R+ C and consider a normal almost paracontact 
metric structure on M defined in the following way: (i/j, ^, 77) is the structure 
(|5.ip restricted to M and g is the Lorentz metric given by 



-2z 

4a;2 + 2z 2x 
2x 1 



For the Levi-Civita connection, we have 
2x2 ~ 



82 



1 



^3, ^aid2 = ^d2C>i 



Va,a2 = — 9i + - ^2 - (1 + — ) ^3, Va3 53 
Using the above and (|1.2p . we find a = /3 = (2z)~^. 



z 
0. 



53, 



(a) 



= (0,-2V=i,i), t<0 



is a Frenet slant curve. For such a curve ei = —1, c = 1, a(7(t)) = /?(7(i)) = — , 
1 V5 3 

oil) ~ — K— T = — — . 

^ ' t' V2t 2t 



(1/4,^,3/8), 



is a slant curve with null normal and ei = 1. 

For such a curve, we have c = 1/2, a(7(t)) — 4/3, (3{j{t)) — 4/3 and 

(0,1,0), TV =(4/3, 2/3, -4/3) 
= (-1/2, 1/4, -1/2), K = -2/3. 



(c) 7(t) = (v^I, -a%/t,ai), t > 0, a = v'l - 6 + ^1 + 6, 6 = 




is a Legendre curve with null normal and ei = 1. For such a curve, we have 
a(7(t)) = {2atr\ P{j{t)) = {2at)-\ a{j{t)) = .g(iV,^7) = l/(2ai) and 

T = ((2V<)-\ -a(2\/<)-\ a), N = (1/^-'/^ -l/i4a)t'^/^ 0), 
W = {-2a^Vi, 2aVi, -Sat), k = ^— 
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Example 2 Suppose that M = 



structure (iy9, f , 77) on M by 

ipdi^d2, 1^82 = di, 1^83 = 0, C = ^3 
and compatible with this structure a Lorentz metric 



Define a normal almost paracontact 
77 = dz, (5.2) 



-2z 






2z 
1 



The quadruple (ip, ^, 77, g) becomes a normal almost paracontact metric structure 
on M. For the Levi-Civita connection, we find 



Vg, 81=83, Vg, 92 = V% ai = 0, Vg, ^3 = 



2z 



81, 



^8292 = -^3, Vd2d3 



0. 



Using the above and (jl.2p . we get a = (22;) ^ and /3 = 0. 
The curve ^ 

7(t) = ( cosht, sinhi, - ) , 



V 2 
is a Legendre curve with ei = 1 and null normal in M. 
Then for 7, we get a{'^{t)) = 1, S{t) = —1 and 

T = (sinhi, coshi, 0), N = (cosht, sinht, —1) , 



W 



(coshi, sinht, 1) . 



K = 0. 
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